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Abstract

In this paper, I present an estimate of the Carle Man type for the phase field system with a single
observation on the right of the subfield u > gage. Carle men's gauge is not used specifically to show the
diffusion coefficient as it shows that the gauge has different weight functions on both the left hand and
the right side of the same model with a certain control limit. The creators have also used the multiplier
method to identify an inequality like (1.10) with the linear zed phase field system. Nevertheless, we use
a rather unique approach which covers various burdens in the main equation for dealing with the
additional derived time.

Proper Weight Functions
First, two weight functions are defined that are helpful in monitoring.. First, we assume that an ip = p(x)
function is found regularly, with certain characteristics defined on Q.

[ U2+ IV fRdz < C | laulded
Q2 Qu

+C [o (|Vp(:£, 8))* + |Ap(z, 0)* + |V(Ap(z, 9))}2)(1:19.

Y(z) >0 Ve e, |Vy(@)|>(>0 Yre and %% < 0Vre o, (1.11)

Wherev denotes the outward normal to ¢@€). If a function such ip can be established, the weight
functions can be introduced now ¢, a : @ — R

o(z,t) = X /B(1) and alz,t) = (eXMlew — @) /3(1), (1.12)

Where f(t) = t(T —t) Note that weight an is a good weight, with t = 0 and t = T blowing up to +00. The

functions therefore € **®, ¢e™>** are smooth and they vanish at = 0 and = and also note that 0 for all
#(z,t) > C > 0 foralle>0and m€R.

|‘£M < C(Q)T¢2a |Cft| < C(Q)T¢2 and [atti < C(Q)Tzﬁf’s-
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We also need the following assessments for the functions to demonstrate the main inequality (p and a:
We are now denoting a generic positive constant with C'(fl), Its value varies from line to line and may
vary with the ip products and S2, T. You can get the following with simple calculations
] <CNTH, || < C(Q)T* and |ay| < C(Q)T? % (1.13). Further note that
Vo = MV, Va = =A\¢Vy and ¢~' < (T/2)? Allow UM to be an M-bound set throughout this
chapter, where M is some positive constant by

U = {k € L) : [[klleey < M}. (1.13)

Model Translation and Key Estimate
First, the problem (1.14) can be translated in the initial equation into a model without a complicated time
derivative qt (note that q is the second equation solution)

pe = V{a1(x)Vp) + 1V (a2(2)Vg) —ep—big = F, in Q, )

@ — Viaa(z)Vq) + bg + cp = 0, in @, L (1.14)
plx,0) = pg(x), q(z.0) = gy(x), in Q,
plz,t) = 0. g(z,t) = 0. {mZ,J

When the functions now apply to the second equation in (1.15) (referred to by (1.14) let q be the solution
in (1.15) for general parable balances and assume Assumption 1.15 is true. So for everybody
A > X(2,T) > 0 there exists a constant C > 0 depending on 2, w, T, b and ¢ and satisfying

I(q) < C(/ 8‘23°lpi2dtd:v+833\4/ B9 gfdtda ), (1.15)
Q Qu,
Where %1 isan open set satisfying wo € w1 € W an

T(q) = (s)) l[f- 1 ((ge[+]Aq]? dtn‘hf e~259 (5 )26 Vgl +5* Mg dtdx.
o o

On the other hand, by multiplying (4.2.5) 1 by 7 =) we get

((T ~ t)p)r = V(ay(x)VHT — t)p) = ert(T — t)p
= Ft(T —t) = IV(a(2)VQ(T — t) + byt(T — t)qg + p(t(T — t)), 2(1.16)
t(T -t)p=0 in L.

T —t)p=0 in E.
Presently, applying the classical Carle man gauge together with the gauge (1.16) for the equation (1.16),
we obtain
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I(p) < C([6_23“¢"ZIF|2dtd$+s3,\4f e~ 2% g|p|*dtdz
Q Quy
(1.17)
+[e'2s“¢“2|£V(a2Vq) +b1q|2dtdx),
Q

for s > CT and A > 1, where

Z(p) = (1) /Q e %07 (Ipdf*+|Apl?)dtda+ f e s\ [Vl +5*Xglp[)dtel.
Q

Please note that the time factor multiplication changes the weight function forces ¢ in Z(p) New
weights in Z result (p). This is now possible to estimate the last term on the right (1.17) as

[ e 20 %IV (ayVq) + big|*dtdz
Q

< 3 / e 57 2(|IVay Vl* + |lasAq)* + |big|*)dtda
Q

1A

SSQA((SA)‘If6“2“‘*¢“1|Aq|2dtdx+s,\2/6_23“¢|Vq|2dtdr
Q Q

+s°A / 6_23a¢3[q|2dtdx) < 5*\I(q)
Q
Provided The estimate (1.17) can now be written using the above estimate with (1.16). as

f(p) < C(/ e 2o F |2 dtdx + 33,\4-/ e~ 2 ¢|p|*dtdx
Q

“1

+52) f =25 p|2dtdz + s°\° f 6*23°¢3|q|2dtd:£)
Q Q

w1

Thus for any s > 3, = max{3y,s,,CT?} and ) > 1,

Z(p) < C( [Q e 26| F % dtdz + s°\* f e‘23°(¢lp|2+32A¢3|q|2)dtdw) (1.18)

wi

Now coupling the estimates (1.17) and (1.18), we have
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(o) + Z(p) < C /Q e~ 52| F|2dtda

+s3,\4/ e ¥ (g|p|* + 32A¢3|q\2)dtd$):(1.19)
Qu)

for the choice of s > 5 and A > Ay = max{)y, CVT}.

s3)\1 f‘?-u e~ 22 ¢|p|*dtdx

Estimation of

In this section, we estimate the integral [Pl over Qu, on the right-hand side of (1.19)
in terms of 4" over Q. to this end; first we introduce a truncating function X € C3*(€)

satisfying
xX(z)=1in z€w;, 0< x(x) <1in = € wy, x(x) =0in r € Q\wy, (1.20)
Where “! EwEwWE €,

Now we multiply the equation (1.20)

83)\4/ C8H28a¢x-|p]2dfd$ e 33)‘4]\ 8_28a¢'xp[”‘“q; + v(azvq) _ bq]dtdx

= L+ L+1 (121)

Now we estimate the components T, I = 1, 2, 3 each. Integration in integral T in parts with time, we
achieve

I = —25')\ f e~ pxaugpdtdr + 2\ / e 2% ¢, yqpdtdr

w

+5° M1 f e~ B oy qp,didz
Qu

2

5133A4f 6'23“¢[p|2dtd:r+%z—s5)t4/ e~ G g2 dtdx
y 1

VAN

-t

2
+—C§: SN f e 2% || didz

+51(S)\)_][ 8_23“¢“3|p¢|2dtd$+£37)\9f e~ 200 || dtdx

0
T C 9 —2sc¢ 45| (2
61(p) + 5 A e “%¢°|q|"dtdz,
1

[

IA

!
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A>1land s > CT(1+ T) and for 8, > 0.

Whenever In estimating Ly first we

ohserve that

e (A6VYx + 258" Veix + 9 V)|
< C(Qw)she ¢, forany s > CT? and A > 1.

IV (ge™ )|

Similarly one can obtain

IV(ge™>x)| = |e7*(A\Vipx + 2sA*Vox + V)|
< C(Qw)she ¢? forany s > CT? and \ > 1.

Using the theorem Green and the above estimates, we have

I

IA

55\ / e~ p[2dtdz + 6,512 / e~2%4-1|Vp|2dtdz

w W

+~§;»(3)\)_1f e~ 293 | Ap|*dtdx + JESTABf e~ 245 ay|*|q|* dtdx
Qu 2

c o C . .
+ﬁ—s?.ﬁtg/ e~ ay|?|q|*dtdx + —95,\ﬁf e 9%\ Va,|*|q|*dtdx
2 w

by
T C 719 ~2sa 15,12
ol (p) + —s'A € ¢°|q|*dtdx
Q.

-

IA

02

Provided = C| n.gliim(m and s > CT?||Vay||L=(n and for d; > 0.

estimating the integral I3, we also get

Lo 6s'x [ emolpldde + SN [ entmolblydtda
» 3

wal

A

331 (p) + E}Ls?/\g/ e~ pd g dtdz,
3

st

for sufficiently large A > 1 and s > CT?|[p]| < o, and for 65 > 0. With the presumption that the c(x)

and inequality coefficients are met and 6, = c0/6C for 1 <1< 3 are now read as
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53)\4] e~ **¢|p|*dtdr
Qui (1.22)
< C( f =292 | F 2 dtds + 57N f e*2$&¢5|q|2dtd.r),
Q

Y

AD> A = Il]|&'!'.'.{jk|.]. Cllaz|| <} and

For the choice of *

s > 5o = max{fy, CT*(1 + 1/T + VT/T + ||Vaa| pse(oy + 1B 120 }-

Eventually, Substituting the inequality (1.22) into (1.23), we obtain the following Carleman estimate.

Theorem 1.2.1 (Carle man Estimate) Let %, ¢ and a be defined as in (1.22)-(1.23) and the
coefficients lc € UM and b € L°°(Q). Suppose Assumption 4-LI on the coefficients

ay(x),az(xr) and e(x) Just hold true. Hold true. Then exists A0 > 0, so that the following inequality
applies to all A > AQ and all s > SQ if a constant C > 0 is p and all p q satisfying p,q € is independent

Z(p) + I(q) < C(/{;e*:’“qf)*ﬂFl?drdxqu 37,\9/ 8_23“¢5[q|2dtd3:), (1.23)

w

We now have an estimation of the diffuse factor as stability. The inequality of two materials (with the
same geometry) estimating the difference between the a \ and a \ and Vtq and ValJ coefficients with the
high limit of certain Sobolevqt solution standards and certain p-spatial derivatives at the point = 9, where
9 is a point between 0 and 0. A minimum value point of 1 fp (t). For your convenience, we refer to
Q(x,9) as follows: = Q. = Q. In evidence of this stability assessment, the Carle man assessment in the
previous section will be the most significant component.

Now set pt =y and qt = z, and you can write the system (1.24) as the solution with the following method
(v, 2):

yr + 1z — Vi (z)Vy) = F, in @, \
2 — V(aa(z)V2z) + bz +cy =0, in Q,
y(z,0) = F, 2(z,0) = G, in Q,
y(z, t) =0, z(z,t) =0, on &, |

> (1.24)

Where where F, = V(fVy;), F=Fy—lz + V(a;Vpg) and G= Viax(z)Vgs) — bgg — the proof of the stability
CpPg.

gauge follows certain ideas used in the limited domain for the Faltering system and in the unlimited

domain for the Schrodinger equation. We will divide the evidence into several straightforward steps in
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order to clarify the proof of the main outcome by proving them as preliminary results with the following
norm.

Assumption 1.3.1 If ug G C3 (fl) is a true, valuable function, ug and all its

derivatives are bound and fulfilled in order of three. |VV - Vug| =2 C >0

Assumption 1.3.2 Suppose Aul [V(Aw) IVui| and [Aui| Gre Bounded by a positive

constant.

Lemma 1.3.1 Consider the partial differential operator in first order, where ug meets

Assumption 1-3.1. Then a constant C > 0, so that the following inequality holds

sufficiently large X and s:

% f ™% gyt |gl*dr < C f €% 65" | Pog|*de,
0 0

Pog = Vuy' Vg,

Proof. Following the techniques of let us consider

= Stkg ) B0 gy — Q! ;
€ Py(e**w) swPoag + Pyw, where we note that ¢ € Holf2).

Then, by the formal integration by parts with respective to space variable, we obtain

/¢53|Q9w\2d$ = 32/ ¢g3\Pgag\2[w|2dx+/ 05| Pow|*dz
Q @ Q
+28[¢g3nga3Pgwdx
Q
= SQAQ/(;();‘(Vug-V'w)2|w|2d$+/:;bg?’ngde:c
0 0

-ESAfégz(Vug-Vﬁ:)(v-ug-Vw)wd:t
Q

v

2 [ 05 (Vus- Vol lulde - 260 [ 05| Pvlufds
~ 2

+sA / (ﬁE‘ZV(P{]’IﬂVUQ) |1U|2d1‘
2

Using Assumption 4.3.1, we obtain

/¢531Q0w|2d~"3 > (c18°N% = eaT s) — CaTQSAz)/ o7 w|Pdz.
f Q
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Now for any A > 1 and s > 4(c; + ¢3)T? /¢y, it is clear that

s\ J[ e 2 g)*de < C[ 6;°|Qow|*dz = C/ e 2% % Pygldz.
a ) 0

The proof of the Lemma 1.3.1 is thus concluded.

Currently, with the assistance of Lemma 4.3.1, we demonstrate the following proposition that provides
the key evaluation of the main result.

Proposition 1.3.1 Let (v.z) be the (1-3.1) solution and all the terms of Theorem 4-2.1

and Assumption 1-3.1 must be met. Then a positive constant exists Clle1)s such that

for sufficiently large s and X, the following estimate holds:

2 [ B (1P 4+ 191 Pds < CY B(O)

=1

for any f € HF(Q), where
E®) = [ o (lnf + ") do
; (1.25)
Ey(0) = / TR g, d (lVy9|2+\Vzg|2)d:r,
E3(6) = f 25&9'?5 (|Vpa|2+|Ap9[2+|f.f_\u;|2)d3: and

E0) = [ 6 (1Vmel + 1Amal + [V (Ap0)F + [V (V) da
Proaof. From the value of the solutions of (4.1. 4)! At¢ = 9, we first obtain

bg + [z — V{m?pg] = Fg. (1.25)

Now, from Lemma 1.3.1 and recalling ¥ = V{/(#)¥V¥') we have the following

estimates: first we note that

Pof =Vug - Vf =ys+1lzg — V(a;Vpy) ~ fﬁuz{
(1.26)

§)2 /ﬂ e~ 2041 f2dr < C(E, (8) + Es(0)).
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PoVf =Vys + V(lzg) — Aa1Vpy) — V(fAup) — VfAuy
and therefore (1.27)
§2)? / 2% 61V f2dz < C(Ey(0) + Ea(6)),
Q

Where the constant C depends on [ and ¢,. Further, coupling the estimates (1.27) and (1.28), one can
conclude the proof of Proposition 1.28.

Main Results

In the light of Proposal 1.3.1, it is obvious that we need further estimates to reflect the main results.
E;(8) for i = 1,2,3, 4. In these estimates are proved and most of us make use of Carle man's estimate in
the last section.

Estimation of E(f)

The evidence of this estimate is that the stability of the illustrative equations is being expanded to
include classical ideas. The use of weight (1.27) and inequality of Cauchy and the critical estimation are
generated (1.3.7).

Lemma 1.3.2: If all Theorem 1.23 hypotheses are fulfilled. There is then a permanent C > 0, so for
everybody A = Ay > 0 and s > 5,(Q2,T), the following inequality holds:

E9) <C J(f.2), (1.28)

where
J(f. z) = [ e'zs“¢'2|Ft|2dtd1'+37/\9f e ¢z dtdr.
Q

w!

Proof. First, noting that o(0) = 400, we have

feﬁ23a9¢—3|28|2d$ _ fai(/e_Qsaé_Slz(x t')fd:::)dt
Q ’ o Ot\Jo ’

= —2/ 36_23“¢_30¢|z|2dtd$+2] 2z B3 dtdx
Qe Qs

-3 / e 2%, || dtdx
Qg

< C(sT? + sAT' +TH) / e 20322 dtdr + (sh) f e 9z |Pdtdx
Q Q
< CI(z), for any s > C(T% + T8 + T%) and A > 1,

Where @ = §2 % (0.8). Now, applying the estimate (1.20) to the system (1.27),

We get
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—

I(y)+Z(z) <C T(f,z), (1.28)

For any s > s0 and for all A > A0, we have
f e3¢5zl Pdx < C T(f,2). (129)
2

Similarly, one can estimate

2 3 2 ’ a 2 3 2
fﬂ =220 33|y, 2dr = fﬂ E( f; =0tz =3y (1) d;r)dt

< C(sTP 4+ sAT? + T7) [
Jq
< Cf[y}, for any s > C'{T% + T + T%] and A > 1.

e~ 25|y | 2didx + [HJ.}_I/ 207y *dtd
aQ

Therefore, we also have

j e~ =3 ys 2dr < C T (f.2). (130

Q

The evidence for Lemma 1.3.1 can be sufficiently large by coupling estimates (1.30) and (1.31)
7 5 - k]
s> 5 =C(Ti+Ti4+T5 +T*+T74+T% and A > 1.

Estimation of £:(0)
The estimate is again based on integration by parts with the estimates of the weight function (1.3.1)
(1.3.2)

4.3.3 Let l,e € Uy and b € L™(Q)

Lemma and suppose Assumption 1.1.1 is

Ay > 0 and 55 > 0

satisfied. Then there exist constant C > 0, such that for all X>

X2 and s > 52, the following inequality holds:

Ey(0) < CsA*T(f,z), (1.31)
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Where JU:2) 5 defined in (1-3.6).

by =
Proof. Let us start the proof by multiplying the equation (1.31) by n(y)

e3¢ *V(a, Vy)
And then integrating over Os to obtain
/ n(y)ydtda = f n(y)(Fy — 12 + V(a,Vy))dtdr.
Qo Qe (1.32)

We now estimate separately the left and right sides. First, we integrate parts on the left side of the
integral, we get

“f Wydtde = | V(€06 %)ayy, Vydtdz + f e~ ™%, (|Vy|?) dtda
Qg Qs 2 Qg
= Ji+J5

But we note that |V (e #?¢=%)| < she 2?92, for s > C'T? and so

“f Wwdtde = | V(e %),y Vydtde + - / e~3073, (|Vy|?) dtda
Qs Qs 2 Qo
= J+Js.

But we note that |[V(e72%¢%)| < sAe™2*¢~2, for s > CT? and so

J < s)\(C‘lia]H%m(Q)s/\f e ¥~ Vyl*dtdx + (s))™! 6“25“¢“3|yg|2dtdx)
Qe Qs

< sA f(y), for any A > C[laﬂ]%m(m and s> CT?. (1.33)
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Time integrating by parts in J,, we get

1

y 5 =—§f {E_Z‘”fﬁ"a];ul|V'y|2d£ff:x:+fulﬁ'?*“ﬂéga]?yﬂzdﬂ:.
a o

. —2an -3 P IR Y | i 3
Here, it is easy to see that (e™™ ™) < Csh%e g ' for A > 1 and s> CTY,

and therefore

W

Jy 3_3-fa1£>_2"‘1"t_;ﬁ§:*i?yg|2d:1:—C:-:fj e ¢~ Vy|“dtdz.
0

Qo 1.34)

Coming to the right hand side integrals of (1.34), we have

f ﬂ(y)(Ft —lz: + Vf01Vy})did$ = / n(y)Ftdtd{g
Qg Qa

o[ o vy s — [ tedds = gy + it 3
QB Qﬂ

The above components are then measured one at a time. If the inequality of Cauchy is applied, we get
for 3 s

J3 < fe_2’“¢_3|a112|Ay|2dtdx
Qo

+OT f =20 41|V, 2|y 2dtds + CT? / =262 3 2dtda
Qe

Qs
< (I + f

E_gsﬁéﬂg‘FAzdtdI) (1.35)
Qe

Jy < 2 f =323 |q, | Ay|2dtds + CT* f =221V a, |*| Vy| dtdz
Qs Qo

< sAT(y), (1.36)

A2 C(1+ flai]f=qy) and s 2 CT*(1 + [|Vayf| 1))

Whenever ' Estimating the

integral J5, we also get

Js < f e %073 a, |*| Ay|2dtdr + CT* / e 207!\ Va, |*|Vy|dtdz
Qs

[
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+CT4f e B0 |z, |*dtdx < 3/\2(.%(3;) +1I(2)), 1.37)
Qo

82 ﬂ'T".”vﬂl |f,w-;1.n and A = C(l|a ”If.x'mj + Ti-”“f_u[m}-

For any casily get the

assumption on the a\ coefficient and replace the inequality with an estimation (1.36)

in the relation (1.37).

LB_ESGH¢Eslvyg|2d$ < CsA T(f, 2), (139

for any 2 CT*(1+T+|Vai|r=@) and A 2 C(1 + [lai|[f<q) + TNl Zx0)) Next we multiply the

equation (1.38)2 bv ((z) := ¢ **¢*V(a,Vz) and then integrating over Qe to get

/ €% 95 *| Vg 2dz < CsA2T(f,2),
2

Further calculations are easy to obtain, as we did with previous calculations and assuming a2.

for any s > C((T? + T°)||Vaq|| 1<(a) + T®|lc|| Lo @) + T30l 1o(q)) and A > C(T* +
(1+ T*)laall3 ()

The opposite problem often occurs in many parts of connected mathematics, which require internal or
limit measurement to produce the values of some model parameters. This section's main goal is to
establish the stability effects for the determination of Two time-independent allegorical compounds for
Dirichlet line combined results of phase transitions.

As mathematical models for the transitions of phase, phase field systems have been noted at the latest. In
view of several authors (we talk of Penrose and Fife's work and take account of the exhaustive
explaination of basic science), we review the phase field models first introduced, and subsequently
reexamined and improved from a thermodynamic point of view, to expand the enthalpy technique on
Stefan's problem to make it conceivable; In later years, mathematicians have worked incredibly hard to
study several versions of the model, with interesting results in the presence and consistencies of
solutions, as well as in relying on physical parameters. The easiest linear phase field model can be
composed as an explanatory equation system which describes transitions between two states in
unadulterated material (u and v) as a solution, for instance strong or fluid.
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u Uz - Autae = file), Q-
v — Av + bz, t)v + c(x)u = fo(x), in @,
u(z,é)‘ = ug(x), v(z,0) = vg(x), in 0,
u(z,t) = hy(z,t), v(z,t) = hy(z,t), on X,

> (1.40)

For dimension limit 30 of class C2, open-bounded subset of R." The coefficient L € L°(0) for latent heat
is b£ Cl(Q); a fixed value of some EUR 9(0,T) is adequately consistent and the semi-initial value ug is
sufficiently normal (for example, ug,Vg) £( H2(0))). Non-zero smooth Dirichlet border data Hello: S —
> R is kept. and (f1, f2) € (L*(£2))?are given functions. The response u shows the distribution of the
temperature of a surface area 0, which can be strong or fluid in two stage and smooth (when the melting
temperature is zero). The phase field function is called V and the purpose is to scal v almost+1 for one
phase, for example the fluid phase and v near the -1 for the other high phase. The function of the phase
field is clearly visible and differentiates among different phases.

It has also been identified with small amounts in numerous areas of factual mechanics. The request
parameters are combined with other variables on a system with complex elements and are constrained to
have a fixed value in the weight temperature plane on either end of the balance competition curve. The
obscure a(x) and c(x) coefficients are considered smooth enough and are kept free from time t.

In this section, the aim is to achieve the stability estimate of Lipschitz by the internal measurements of
one observation in a limited area of dimension n < 3 in de-determining the coefficients a(x) and c(x). An
L2-weighted inequality of Carle man type with solutions to phase system solutions will be the key
ingredient to these stability results, which is quickly explained later. The phase field system
controllability was investigated. We follow the strategy used to obtain a Carle man estimate by means of
two observations in various transformations identified with inverse problems and conclude another Carle
man estimate by using certain vitality typology.

In a warmth-conducting system, the first temperature and warmth coefficient were simultaneously
reconstructed by Yamamoto and Zou Since Carleman's global estimates of the stability of a reverse
problem concern the explanatory system, the reverse measurement of a variable coefficient and constant
illustrative systems was subsequent combined with one or more reverse measures. Confrontational
reconstruction of 1-solution measuring factor over (f0,T) x fi, and some measurements at certain times,
T'€ and initial reaction-diffusion system conditions will take place, for example (t0, T). Conversely, all
(or some) coefficients of the reaction diffusion convection system were examined by observations of
arbitrary sub-specific observations over a time interval of only one component and two components at
fixed positive time 0.
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