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Abstract

With optimisation and prove the presence of the minimis, i translate the identification issue in this paper
into an ideal control problem. In general, reverse problems can often be reformulated as optimization
problems to minimize the functional cost, or error, based on the yield data. In request to prove the
presence of the minimizewe need the following assumption on the coefficients, initial data and
measurement yield data:

Assumption 3.2.1 For a > 0, assume that the coefficients a, b, ¢, d and the initial data

¢, ¢ satisfy
a(z),b(z), c(x),d(z) € C*(I), m(z),n(x) € L*(I) and ¢(z), p(x) € C**(I),

Wherem(x), n(x)Comply with the homogenous Dirichlet limits Let us now define the allowable set

M= {a(z),e(z) : O<ap<a<a, 0<eg<c<e, Va,Ve e Lz(f}}

Also, the ideal control problem with the cost functional based on the known yield measurement at the
final time like the form (2.2) as pursues: Find (" a(x), ¢ (x)) € M x M satisfying

Jla,e) |1|11¢1J'f_u,r}, (2.3)

a,ce,

Where

Tla,e) = / (|u(z, T;a) - m(z)|* + |v(x, T;e) — u(.r}|3} dr
I

|§/(|vr1|j | |'\_-"'r'|j) dx
2 J,

bo | -

(2.4)

And (u, V) is the system solution (3.1.1) with the a(x), ¢(x), and M coefficients. The constants a0, al and
c0, c1 are indicated and §fix is the parameter for regularization.
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Theorem 3.2.1 Let 0 < a < 1 and the coefficients a(x), b(x). ¢(x), d(x) € C a (I). Then

. il 4 w24 1+ § i
the system (2.1.1) has a unique solution® ! ) V(1) € ¢ (£1r).

This theorem demonstrates the existence of an optimal control (a(x), c(x)) (along with

M) to minimize cost-functional J (a, c).

Theorem 3.2.2 Suppose (u, v) is the solution of the system (2.2). Then there exists a

minimize (a(x), ¢(x)) € M x M such that

Jl(a,¢) = min J(a,c).

a,ce M

Proof.Note from J (a, ¢) the functional J (a, ¢) being non-negative and therefore the lower bound being

the largest. The minimizing sequence is let (un, vn, an, cn), for example,

1
inf J(a,c) < Jla,,¢c,) < inf Jla,e)+—, for n=1,2,---

a,ce M a,ceM n

Taking /!%%) = € into account, we easily deduce that

||T”n||f.-'lh 1 ||T'“n||.'.-'|.lfl < (T-

Where the constant C is independent of n Then the Sobolev imbedding

Hico (o= as Llﬁﬂd to

HYI) c C(I) for 0 < a < i lead to

v

||”'Fi ||=rr'1r{!':| + ||‘“”||{r 'il:_l;} i: ( :
Thus, classical solutions for parabolic equations exist, we have

||”’“||('é-{{f,h-} + ||f?p:||('§-&[”.;.:l {_: (Y

and for any oT b QT ; we also get

||”‘u||(..’i{|-1 + &[w"j'} + ||f1!t||(..’r£|.l b}t[uu-j'} E ("’.

Then there exists a subsequence of (Un, Un, @n, ¢,), again denoted by (., v, @n, ¢n), such that
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(an,c,) — (a,c) e (’%(1} X (*%(f} uniformly on C*(I) x C*(I),

(ttn,vn) — (¢, ) uniformly on [(""%{S_E';-)ﬂ(’i;“ +3 (2r))2.

Hence replacing (1,7, a,¢) in (2.1.1) by (U, ¥, @y, ¢,) and passing to the limit, one sees that
({,;r ,a,c ) satisfies the system (2.1.1). In addition, we achieve the weak semi-continuity of the L 2 -

norm with the Lebesgue control convergence theorem

J(a,e) < liminf J(a,,c,) = min J(a,c),

n—00 a,ceM
Whence
J(a,¢) = min J(a,c).
a,ceM
Thus ') = ® s an optimal solution of the optimal control problem (2.2.1)-

(2.2.3). Hence the proof is complete.

Optimality Conditions and Stability

In this section, we have established as a reversal problem the essential optimal condition for ideal
control of the two smooth coefficients (a(x) and c(x) defined in the previous section and estimate the
stability of this problem. The main theorem estimates the error between two top-limit materials, which
are given by certain Sobolev solutions standards at t = T in a(x) and ea(x) (x) An important optimum
conditions are the main ingredient in proof of such a stability estimate. We now have essential optimal
conditions that must be fulfilled by every ideal control (a, ¢). Assume (p, q) the deputy system solution
(2.1.1) is the form.

—Pp — P Tap+dq =10, (x,t) € Qp,
—Gt — Ger +cq+bp =0, (x,t) € Qr,
ple,T) =u(z,T) —m(zx), z €1, > (2.5)
a(z,T) = v(z,T) - n(x),

p(0,t) = p(1,t) = q(0,t) = q(1,t) =0, t € [0,T), |

Where m, n are the values of the solutions of the system (2.1.1) at final time t =T.

Theorem 3.3.1 Let (a, c) be the solution of the optimal control problem. Then there

exists a lot of functions (u, v, p. q: a, c) satisfying the following optimal condition

/ (pu(a — k) +qu(c—1))dzedt + N /[\_-"u -V(k—a)+ Ve -V(l—-e¢)]dz >0,
JQp I
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foranyk,1eM

Proof. Foranyk,le Mand 0 <8 < |, set

as=(1—3d8)a+dkeM and ¢ = (1 —4d)e+dl € M.
Then there exists a solution (ud, vé) of the system with the coefficients a=ad and c =
cd satisfying
1 . .
Ts=T(as,cs)= 5 /[|u,,— —m(x)|* + |vs — n(z)[*] dz + % /(lVﬂ&l‘] + |Ves|?) d,
I I
Where s = u(x,T;as) and vs = v(x,T;¢s). now taking the Frechet derivative of Js. we have

_ wr — m(z) 218 o s N
=0 ]; ([“f‘ (@) 5 |5y T 0 @) 55 .5=ﬂ) dr

+p ]f[Va -V(k—a)+Ve-V(l—c)]dz.

47
dd

Moreover (a, c) is the optimal solution and therefore

dJs

—~ > ().(2.6)
dd ’a:n -

(115, 05) = (%2, 5%), then (is, Us)

(as,b,cs,d),

If we take satisfies the following system with the

coefficients

()¢ — (1g) 2z + astis + (k — a)us + bvs = 0, (x,t) € Qp, )
(U5); — (U5) 2 + €505 + (I — €)vs + dug =0, (z,t) € Q,
tig(x,0) = 05(x,0) =0, z €1,

us(0,t) = ug(1,t) = v5(0,t) = v5(1,¢) =0, t € ((],T].

7

Taking & = #s/5=0 and 1 = Us|s=0, we see that (£, n) satisfies the following system
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& — &pr + €+ b= (a— k)u, (z,t) € Qp, )
Ny — Mo + e +d§ = (c— v, (z,t) € Qp,
E(x,0) =n(x,0) =0, z €1,

£(0,1) = &(1,t) =n(0,t) =n(1,t) =0, t € (0,T],

Where t5|s—g = u and vs|s—y = v. Now, from (2.3.2), we have

_/([u(a:, T;a) — m(x))&(z,T) + [v(z,T;¢c) — n(z)n(z,T)) dzx

I

-I-g.nf[Va -V(k—a)+Ve-V(l—c)]dz > 0.
I
Further from (2.3.1), the last inequality reads as

/ (p(z, T)é(z,T) + q(x, T)n(x, T)) dx
! (2.6)

+p/[Va -V(k—a)+ Ve -V(l—-c)dz > 0.
I

Suppose (p, q) is the solution of the system (2.3.1). Multiplying the first equation of

(2.3.1) by £ and using Green'’s theorem, we have

0= E(—pr — Pex + ap + dq) dzdt
. S]I

= - ‘/EPE‘ dr + f p(& — & + a€ + by — by) dzdt + / dqé dxdt
I Qr Q

T

= — /ﬁ(;n, T)p(z,T)dx + / p (& — &or + a€ + bny) dzdt + / (dg€ — bpn) dzdt.
I JQr Qr
From the system (3.3.3), one gets

/{(3:: T)p(z,T)dx = / pu(a — k) dzdt +/ (dg& — bpm) dzdt. (2.7)
I Qrp :

Qp
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Similarly, from the second equation of (3.3.1) and (3.3.3), we have

/?;(:1.‘, T)g(z, T)dx = / qu(c — 1) dzdt + / (bpn — dq€) dzdt. (2.8)
JI Jaor

JQp
Substituting the values of (3.3.5) and (3.3.6) in (3.3.4), one easily completes the proof of Theorem 3.3.1.

Basic Lemmas

In request to prove the main stability estimates, we need the vitality estimates of the system (3.1.1) and
its promotion joint system. Assume (u, e ve) is the solution of the following system

U — Ugr + a(x)u + b(z)v =0, (z,t) € O, )
Uy — Ve + C(z)0 + d(x)u =0, (z,t) € Qp,

u(z,0) = o(x), v(x,0) =p(z), €1,

u(0,t) = u(1,t) =v(0,t) =v(1,t) =0, t € (0,T).

? (2.9)

Set U=u—u, V=v-7, A=a—aand C = ¢ — ¢ so that the subtraction of (3.3.7) from
(2.1.1) yields

U, — Uy + aU + bV = —Ail, (z,t) € Qp,

V, = Vo + ¢V +dU = —C3, (z.t) € Qp,
U(z,0)=0, V(2,0)=0, z €1,

U0,t)=U(L,t) =V(0,t) = V(1,t) =0, t € (0,T].

(2.10)

In proving the principal outcome of this section the following lemmas play the most important role.

Lemma 3.3.1. Let (U, V ) be the solution of the system (2.3.8). Then we have the

following estimate:

max /(U|2+ |V|2) dz g(rxp(ﬂIT)(nmfx|A|2
1 »E !

|@|* dzdt +max|C|* [ [7]? (l;a-:(lt) ,
0<t<T Jag x€l JQr

2 aP).

Where the constant M = (2 + lliefl}{ |b -+ lllélft
£ I
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Proof. Multiply the first equation of (2.3.8) by U and integrate over I to obtain

Ld WU 325y + / U ? dr + /-r:|f"|"3t|.r = — /fﬁfr‘.'tl.f' - [Afrﬁtl.x'.
2 dt C J J S JI

Using the assumption on the coefficient a and applying Cauchy’s inequality, we have

{,-':-IQ {1.1’.' + ap [
JI

. 1 o [~ 1
2dz + = max|A* [ |u|*dz + = max
2 el Ji1 2 zel

U

< /HT h|2 /”"-‘2(1.1'.
J J T

Similarly, from the second equation of (3.3.8) and the assumption on c, we have

1 d . . .
ZVIIE, 2dx , VIZdr
2{“” ||L-r_r}+./! dux +fu./;| |“ da

. 1 . 1o 1 5
< [ |V|*dz + = max|C|* [ [0)*dz + = max|d|*
J1 2 ael J1 2 zel Ji

Now coupling the last two estimates, we get
d [
dt
Simultaneous Identification of Parameters and Initial Data of Reaction Diffusion System

In the last decades, much attention has been paid to the work of spatial impacts in biodiversity
conservation in literature. Many scientists have formulated and examined spatial population models and,

in particular, reaction diffusion equations. Reaction diffusion models are spatial and incorporate
different natural amounts regularly, such as location or time-specific parameters.

dx

1d Y
~ L2
2{”” 221 ‘f'./f

2

{/..“

dz.

Vv

2
fﬁ{."])

1%

fﬁm + ||1||fm] < 1"“*'r(||ir-*"'||l‘i3{.*] + |

But quantifying or figuring the model parameters with the vital accuracy, especially in living life forms,
cannot be constantly imagined. In these cases, it is important to use mathematical methods to estimate
model parameters. In complex systems with numerous parameters, parameter estimation is also a critical
way to detect repetitive parameters (and henceforth key parameters). In the following system of reaction
diffusion we obtain two spatially subordinate reaction parameters and the initial data that are often
applied for several physical applications, such as: in scientific and medical sciences, increasing and
developing malignancy in the environment and angiogenesis, prey predatory and insect dispersal system
in science, reaction inside sig:
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y — Au+ a(x)u+ blx)v =0, (x.t)
v, —Av+celr)v+dx)u=0, (xt)
w(z,0) = ¢(x), v(z,0) =¢(z), xel,
u(z, t) = v(x, t) =0, (z,t) € =00 x (0,T], ]

The domain > 0 is an arbitrary but fixed time, and the concentrations of both agents are indicated by u(x,
t) and v(x, t). Unknown initial conditions a(x) and ¢(x), depending only upon x, are regular enough and
sufficient smoothness is presumed for the unknown coeffcients a(x), c(x) and coefficients d(x), b(x),
d(x) and time t is maintained. Suppose we assume that additional temperature can be provided for
reverse thermal problems, for example by arbitrarily fixing additional measurements; sub domain ® <
Q,

w(x,t) =m(x, t) vix,t)=plx,t), (z,t)cwx(0,T),

And the additional temperatures u(x, t), v(x, t) are given at some final time t = T for

all x € ). that is

w(e, T)=m(x), v(x,T)=n(zx), xefll,

Where a(x, t),(x, t), m(x) and n(x) functions are known, m(x) and n(x) also meet the same bounds of
Dirichlet. The objective of this chapter is to obtain stability forecasts simultaneously in two equation
reaction diffusion system for the solution of a system on an arbitrary subdomaines, in the two reaction
diffusion equations, a(x), c¢(x) and initial data(x), (x). In achieving the stability estimate in the reaction
diffusion system the optimum control framework plays the critical role.

Different methods based on various observations have been used to discuss the reconstruction of
parametres, initial or boundary data in the literature. In the literature, a few publications are available to
study the identification of multiple parameters. The multipara meter synchronization of a single parabola
equation has been examined. They examine the concurrent rehabilitation of the initial temperature and
warmth radiogenic coefficient in the warmth-driving system and develop unique stability in the solution
to the reverse problem by regularizing the reconstruction procedure of Tikhonov in accordance with the
L 2 inclination standard. By creating a suitable cost function, the inverse problem is converted into an
optimal control problem. Since the optimization plot is one of the most crucial methods for dealing with
the numerical reconstruction, its position is generally investigated and its presence is demonstrated. In
order to optimize the inversion problem in the reconstruction of the source conditions by using
powerless solutions in the linear parabola differential equation, the uniqueness and stability of
minimizers have been developed later. Paragraph 2 shows that, by simultaneously reconstructing spatial
watch coefficients, the stability and a local uniqueness of a linear diffusion were achieved from the final
measuring data. This work results in stability for the recovery of two times independent coefficients x
and c(x), and shows the initial temperatures in linear diffusion of reactions. Furthermore, the strategy we
have adopted here enables us to achieve stability with some halfway information on the Sobolev solution
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at the top threshold and it should be stressed that the impact on reaction dissemination systems is not
such in literature.

Optimal Control Problem

In this section, we turn the problem in identification into an optimum control problem through
optimization theory and prove that the minimizer exists. The reworded problem of optimization involves
a fee-based observation of the self-assertive fixed sub-domain and the final time of data. This sort of cost
functional has been considered for the general parabolic equation. We stretch out the concept to the
system of parabolic equations. All through this section, the measurement functions fulfill the following
assumption.

Assumption 3.2.1The arbitrary fixed sub domain observation (. 1), o(x.t) €

L7072 L7(<)) And the final time over specified measurement (%), n(x) € L7(€),

Where m(x), n(x) fulfills the Dirichlet homogeneous limit conditions, the allowable set for the reaction
coefficient and initial data are now defined by

My ={a(z),e(x) : 0<ap<a<a, 0<g<c<e, ace H(Q)},
M= {6(z),0(z): 0<d<d 0<p<p, o e H) (.1)

and the optimal control problem with the cost functional based on the known output measurement at the

arbitrary fixed sub domain in the form (3.1.2) and the final time in the form (3.1.3) is stated as follows:
Find (alz),e(x), o(x), plx)) € A M7 x M3 satistying

Jl(a, e, ¢,¢) = y fl}illj . Jl(a,c,o,p), (32)
(a,c,0,p)EMT x M3
Where

+|r ¢) — oz, !'}|:| dadt

l} // (a,¢) —m(z)|* + |v(c, @) — n(z)|*) dzdt (3.3)

% / |Va|*+ |Vel*) dz+ —[ (IVo]* + |Vi|?) daz,
and wyp = w x [0,T] and Q, = Q@ x [T — 0, 7], (u(a,),v(c,9)) = (u(z,t;a,¢),
v(x,t; ¢, p))is the solution of the system (3.1.1) for the given coefficients a(x), c(z) €
M, and the given initial data ¢(x), o(z) € Ms. The constants ag, ay, ¢, ¢, and

o, are known and gy, ¢, are the regularization parameters.
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Lemma 3.2.1 Let (u, v) be the solution of the system (3.1.1). Then we have

max /{|u.|"E + o)} dx < ['X[](A!"T}(“(,-')”ig[”) + ||-,,:‘||i-_,[5_,))~

[]EFET. 0

where M = | 2 4+ max |b|* + max |d|*
refl refl

Proof. Multiplying the first and second equation of (3.1.1) respectively by u and v

and integrating on €2, we

1d . . . . . .
ﬁa[uuuiz(m+||-e.,||iz(m] +/ (IVuf? + |Vo|?) ¢-1.;.-+/ (alul? + cv[?) dz
o 0 0

1 s 2 2 2 2
<5 (2+13,gglhl + max|d| ) (IIHHLz(m + ||f‘||L2(m)‘

From the assumptions on a and ¢, we have

J_{l 2 2 :lllr
5 [l + lolaey | < 55 (lulZa@ + 012

Whence

d . .
= [ exp(=M) (Ilullfa gy + leliFae)) ] <0

The integration on (0, t) thus concludes the evidence. With regard to the Lemma 3.2.1 and the
measurement assumptions, it is easy to understand that the cost function for each (a, ¢, B, n). The inverse
problem is currently transformed into a problem of optimization control. We have to show that for the
minimization problem something like one exists (3.2.1)- (3.2.3). To prove the presence of minimize, we
need the following Lemma:

Lemma 3.2.2For any sequences {r’ Ins Cnis Pns Pn } imn ;Mf x M j which converge to some

{a,c,, 0} in M7 x M3 as n — oo,

lilll_l ([/ lu(ay,, ¢,) — m(x,t)|* dedt + /[ 1v(cn, ) — o(z, t)[? (l.f‘(l-“)
JJwp
= /[ \u(a, @) — m(x,t)|* dedt + // lv(e, @) — oz, t))? dadt,
JJwyp Jwp
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“an;o (f/a [u(an, dn) — m(x)|* dedt + /fna [v(cn, @n) — n(z)|? d.rdt)
_ / / Ju(0,6) = m(a)*dadt + / ] Ivfe,9) = (@) dadt.

L m 2 2
Proof. For the choice of the parameters (a,¢,0,9) € Mj x M2‘mu1tiply the first

and second equation of (3.1.1) by w and yb respectively and combine them to get

/gz (u,_(a, )Y + vy (e, Lp);?) do + /;2 ( u(a, @) - Vo + Vu(e, p) - VS) dz
+ f (a(.r)u(a, O + e(z)v(e, ap)’t:) dx
L9

+ fn (b(;r)v(c, o) + d(x)u(a%(ﬁ)tg) dz =0, 3.4)

where 1,7 are the test functions in H;(Q). By taking ¥ = u(a, ¢), ) = v(e, p)

and integrating with respect to t, we get

/s;ﬂu[a, O)|* + [v(e.9)[?) d$+f.[)T (IVu(a, ¢)]* + [Vu(c, 9)|?) dzdt
u(a, d)|* + |v(e, )[?) dac % + |p|?) da,
<O [ (uta o) + (e o)) azar+ [ (107 + 1) a

0

(3.5)

Any t [0, t] for every t [0]. The above equation and the assumption on the allowable

) a1 ] ] -2 L J. 2,
set lmplj,f that {!L{ﬂ;r-«ﬁu}wi [fn-‘ru]}ar‘: bounded in the SPEEE’ L {”.T.. ;”r”{gl}] -

There exists a subsequence, still denoted by 1%(%: @) v(en. ¢ »)} such

u(ay,, dn) — @ weakly in L2(0,T: H}(Q)),

3.6
FU(CH: ’19-:1) — 0 weakly in LQ(“? T; H(%(Q)) oo
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Next we have to prove that the converging point is (4, 0) = (ula, ), v(e,p))

In order to prove that, choose a function 1) € ©'[0. T with the property that y(T) = 0.

Multiply (3.2.4) by #(4) 108 {n(9"&")" (¢ &) } and integrate over t to

f[ [(V'H.((L,“ (f)u) - Vi+Vo(ep, @n) ' V‘!’:) + (“‘t(ﬂ'm Qﬁn)"«"l" + ve(en, ‘P\n);)jl X dadt
Jog

N f/ [({L"“(a"’ (35;;)"4‘3 + (:'ﬂ't’?((fru ’-F’"'ri)ﬁ*"‘:")
1

-
fl
L/

3.7)
+ (b’u{cm ©n)V + dula,, q‘,’n)'u)} x dxdt = 0.

After some manipulation along with (3.2.5)-(3.2.6), (3.2.7) can be rewrite

/ [ (vfa;-v-:,zwr Vi v-{z}") \(t) ddt + f [@p(@) +w§(0)] v(0) dz

JQp Y

- / [ (111;5 +-ﬁ-zl?) Yo dadt + f / (a-nw + ¢t + bind + dﬁiﬁ) x(t) dzdt =0,
JJQy JQy

which is valid for any x(t) € [0, 7] with x(7") = 0. Hence we

]:/ (V'ﬁ. -V + Vo - Vt‘/;) dxdt + /:/ (ﬁ.t't,-") t f'tt,’:) dadt
r O

+ // (a't_.f;q,-"! + (r't_.";; + by + dﬁ.'@) dadt =0, Wb, 4’: € H[}(Q),
JJay

(3.8)

(3.9)

and u(0) = ¢, 0(0) = ¢.. Therefore, by the definition of
u(a, ¢) and v(e, @),

wegetu =ufa, @),v =v(c. ¢). Now we are ready
to prove the lemma. ma. The equation (3.2.4) can be rewritten as follows

f((u.n —m) b + (v, — n),:t:) dax +/ (V(un —m)-Vi¢+ V(v, —n)- V:) dx
) Q

+ / (a,,,(un — M) + (Ve — n)Y + b(v, — n)Y + d(u, — -m)@?) dx
Q

= Vm-Vi+ Vn- Ve? dr —
I, Jaor-

Q

R R (3.10)
(rz.,l-m;:,-"; + c,ny + bny + rﬂm-u".r) dr,
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where u,, = u(a,, ¢n), vy = v(cn,¢n), m = m(z) and n = n(x). Further, taking
(. 9 l/}) (”n m,v, — ”). we E-)('t

1d
2dt JO

+ / (an|u,,, —m|* + ¢,|v, — n|?) dz + / (b+d)(v, —n)(u, —m)dz
Jo 0

(|un —m|* + |vn, — -n.|2) dz + / (|V(’un - -rr.t)|2 + |V('Un - -n.)|2) dzx
Jo

- / (bn(u,, —m) +dm(v, —n)) do — / (a,m(u, —m)+c,n(v, —n)) dz
Ja Ja
/ (Vm-V(u, —m)+Vn-V(v, —n)) de. (3.11)

Similar relations hold for u and v for the choice (%, I,J) = (u—m,v —n), (3.12)

Where U = u(a, @), v =1v(c,¢). Subtracting (3.2.12) from (3.2.11) and after some manipulate

1d .
527 (llun = ulifa@y + lew = vl ) + (19 = W2y + 1V 0 = v)lE2(ey)

+/(~»n( Yot = uf + eal@)fvn — v2) dz = K, 3.13)
J

Where

Ky =/[u(a — ay)(u, —u)+v(c—c,)(v, — v)] c‘l;r+/(b +d)(u—u,)(v, —v)dz
) Q
+ /S; [(an — a)lu = m|* + (ca — ¢)|v — n|*] da.

Integrating over (0, t), for any t <T, we get
v i T.
||'“-n. - '“-”12(51) + ”'“-n — .f:”i?(gz) <2 / Ky dt + ||4"Jn ””;2(53 + ||;Hn W”;J(u)
Jo

By the weak convergence of {'”-(”--m ®n), V(Cnson) } and the assumed convergence on

{G.-”_ H C‘H. H (flﬁn 3 'I'-}-c'-n }9 it iS casy to ShOW that

[ Kydt + ”Qn ‘f-’HLA Q) + H“Pn '19“,&’-(9 — 0 as n— o0.
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Thus we have

0<t L2(8) ”"FHL'J{“))-

max /(|u|‘g + |v]*) dz < exp(MT)(||o]|;
where M = (2 + max |b|* + max |r!|2) :
reQ) 2€f)

Proof Multiplying the first and second equation of (3.1.1) respectively by u and v and

integrating on £, we

c t*|2) dax

1d . . ,
Sdi {H“”! @ + v ||,z Q} + L (|V-.'.'_|z + |V'(-‘|2) dz + [ (n.|-.=.-.|2 +

J 0

1 ¢ 2 2 2 2
< 5 (2 max b+ mag ) (1l + ol

From the assumptions on a and ¢, we have

M

|
53 [||-u—|| 12 v IIHW)} (||u||“ @ + v ||,,,,{m)

Whence

d
- [(.XI, (—Mt) (llull;zm + |l ”Htﬂﬂ =0

Thus the integration upon (0, t) concludes the proof.

From Lemma 3.2.1 and we can easily understand that the cost function is well defined for each one of
the measurements assumptions (a, ¢, ¢, £). The inverse problem is currently transformed into a problem
of optimization control. We must demonstrate that the minimization problem (3.2.1) exists at no less
than one minimum (3.2.3). We need the following to demonstrate the presence of minimization. Lemma:

] t“_|| 1{.I':|_|| ] ;“ } |II”‘ -'l.")!] -M

Lemma 3.2.2. For any sequences {an 2 which converge to

some {a,c,¢,¢} in Mf X Mﬁ as n — oo, we have
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lim (/f |u(a?u Qﬁn) - W(I, T)l‘z(]jdf -+ -/:/ |1_.T((jn’ Llp?l) —_ Q(i‘, r)ll dﬂdf)
wr w
N f/ [u(a, ¢) = m(z, t)‘g dzdt + ff lv(e, @) — oz, t)|2 dzdt,
w

7}51;0 (// \u(an, on) — m(;x:)|2d.rdt + /-/g; [v(Cn,y Pn) — n($)|2 d;rdt)
_ // lu(a, ¢) — m(:r)|2d:r.dt+//g (e, @) — n(z)[? dadt.

2
Proof. For the choice of the parameters |:” ¢, ¢, ¢) € M} x Mj, multiply the first

and second equation of (3.1.1) by w and wb respectively and combine them to get

/ (ut(a, O) Y + vy(e, .p)z:;) dz +f (Vu(a, @) - Vi + Vu(e, p) - Va:(?) dx
0

Q0

+j(; (u.(:f:)u(a., o) + c(z)v(e, )A) dz

+-/ (b[;r)r:[f‘, @)Y + d(;;r)w.'.(a,gb)-;ﬁ) dr =0, 3.14)
0

-

where u:q: are the test functions in H(Q2). By taking ¢ = u(a,¢), v = v(e, @)

and integrating with respect to t, we get

/ (lu(a, @)|* + |v(c, 9)|*) da -I-/f (|Vu(a +|Vu(e, ¢)[*) dzdt
0

< Cf/ (|u(a, @)* + |v(e, @)|?) dzdt +/ (|o]* + ||?) da,
Qp Q

(3.15)

5) for any t € [0, T]. The above equation together with the assumption on the

(000 #n) Yen @)} e bounded in the

admissible set implies that the sequences
space LA0.T;Hy())F. There exists a subsequence, sfill denoted by

{ulan, én), v(en, Ff'}}‘such that

u(ap, @) — @t weakly in L?(0,T; H}(S2)),

. 3.16
v(en, pn) — © weakly in L?(0, T H;(€)). (3.16)
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Next we have to prove that the converging point is (&7} = (ula.¢).vle. 2)).

In order to prove that, choose a function y(t) € C 1 [0, T] with the property that y(T) =

vl for {ulay., de), 2(e,

ignl}

0. Multiply (3.2.4) by y(t) for and integrate over to

/;}. [(Vu(a.,,._ on) - V+Vo(en, on) - V:) + (.ut(amg.-)"),;.;, + 'Nr(f-‘ﬂ,\'p,.)-t;"‘\)] v dzdt

f/ ”‘ u’ f!" 'j‘u}!l" —|_ lr!’! { 'f!‘.'if:}f!)t;;)
0

('I”r( “FLy '*p-f’n)tfr + fifi(”n (-Ju) A):| ldJ dr = 0.

After some manipulation along with (3.2.5)-(3.2.6), (3.2.7) can be rewrite

// (Vﬁ -V + Vo - V:) x(t) dadt + /[rﬁ}@-’-’([]] + p;((})} x(0)dx
O 0
- // (ﬁ.q-".' +Frt,h) x; dedt + // (rz-ﬁg-"f + et + boyr + riﬁ-tﬁ) x(t) dxdt = 0,
o J Jo..

After some manipulation along with (3.2.5)-(3.2.6), (3.2.7) can be rewrite

(3.17)

/ Vu -V +Vo- V!f t) dxdt +/[UL' (0) + ]} x(0) dzx
!r

(3.18)
— / / ) —f—-r_r-q"-' x: daxdt + / / auy + r'ﬁ-e_,-": + b + riﬁ-t,-"-') x(t)dzdt =0,
Qp Qp

Which is valid for any x(¢) € [0.7] with x(7) = 0. Hence we

/ (Vﬂ Vi +Viu- V:) dadt + f/ (ﬂ,e;‘-‘ + -Fr,.s:"-:) daxdt
Qr (O

(3.19)
+ [/ (r.-.u-t,-’-' + vy + boy + riu.t-"-') dedt =0, Yo, € Hy(£2),
J Jay
and @(0) = ¢,(0) = ¢. ¢. Therefore, by the definition of u(a. @) and v(c.9). us u = u(a,¢), v = v(c, ).

Now we are ready to prove the lemma. The equation (3.2.4) can be rewritten as follows
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-
5

/ ((-un —m) + (v, — n.),,t.,) dzx +f (V[u.,, —m)-V¢Y+V(v, —n)- V::) dx
0 QO

N / (aﬂ(uﬂ - ﬂl)u“r + cn(i',n - n}t:': + b(wﬂ - n‘}'{i’. + d(“n - m)i'.'::) d:r
Q

= f(V-m VY +Vn- VE) dx — ](annup - cﬂn-;?;—f— bny + d-rm}) dx,
0 0

+/ (Vm - V(up, —m)+Vn-V(v, —n)) dz. (3.20)
0

Similar relations hold for u and v for the choice of (¥ ¥) = (u—m,v—n},

lf—lf (Jlu—m|* + v —nl*) dz + / (IV(u—m)]* +|V(v—n)|*) dz
2dt Q0 LH
+/ (alu — m|* + clv — r.::|2) dr + ](b +d)(v—n)(u—m)dz

L Q

= —/ (bn(u —m) +dm(v —n)) dz — / (am(u —m) + en(v —n)) dx
)

0

+/ (Vim - V(u—m)+ Vn-V(v—n)) dz, 321)
Q

KKy :/n[u(ﬂ — ) (U — u)+v(c — ¢p) (v — )] d-.::+/(b +d) (u—u,)(v, —v)dz

Q
+/ {(ﬂ-n —a)|lu—m|* + (en — c)|v — -n|2] dax.
Q

Integrating over (0, t), for any t < T, we get

T
l|ten — '“||i2(m + [[vn — v i'—’m) < 2/ Kidt + ||én — 9| iecm + llen — | i'—’{m-

0

By the weak convergence of {t(a,. ¢,),v(c,. ¢.)} and the assumed convergence on {@n,Cns @n, Pn}, it is
easy to show that

.
/ Kidt + || g — ¢l
0

2 HlI2 .
20) T lon — @li2@) — 0 as n—oc.
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Thus we have

2 ax || )
max ||, — u||z2q) + ’III?;]I‘_?II |lvn — v|

9
<2 — ) as n — 0.
te[0.T] L3(Q) (3.22)

Now the desired convergence of the lemma follows immediately by integrating
(3.2.13) over [T — o, T] and using (3.2.14) together with the Poincare inequality. In a

similar manner, we can easily prove the second half of the Lemma 3.2.2.
Theorem 3.2.1There exists at least one minimize to the optimization problem (3.2.1)-(3.2.3).
Proof. Using Lemma 3.2.2, we can easily prove the existence of the minimize (see for instance).

Remark 3.2.1: It has been shown that there has been a minimum which depends on the regularization
parameters oscillating 1, oscillating and oscillating the sub region and final observations in cost-
functional areas are used. Even though both 5-01, dnder2 and S have regularization roles, the
introduction in cost function of parameter £1, £2, in case of an original reverse problem, leads to an
approximate optimisation problem. The relationship between —1(), —2 and ” must therefore also be
considered. There are several ways to select regularization parameters, for instance via the L-curve
method, but further details are not covered by a discussion on the optimized selection of these
parameters).
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